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Abstract 
A new method is proposed for deriving the instability potential of plates based on the rigid body and force 
equilibrium considerations using the updated Lagrangian formulation. By starting from the rigid body rule, the virtual 
instability potential is derived for an initially stressed thin plate under real rigid displacements. Next, by utilizing the 
equilibrium equations for the boundary forces acting on the plate at the C1 and C2 states, another virtual instability 
potential is derived for the plate under virtual rigid displacements. Finally, by comparing the two sets of virtual 
instability potential for real and virtual rigid displacements, the total instability potential is derived. The present 
approach is advantageous in that only simple integrations and analogical comparison of related virtual work terms are 
required, thereby avoiding the physically unapparent, complicated mathematical derivations involved in conventional 
procedures. Examples are prepared to demonstrate the applicability of the theory to the postbuckling analysis of 
various structures. 
© 2011 Published by Elsevier Ltd.  
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1. Introduction 
In an incremental nonlinear analysis of solid structures, three typical can be identified, i.e., the initial 
state C0, last state C1, and current state C2. Assuming that the behavior of a structure, including 
deformations and loadings, from C0 to C1 is known, one is interested in its behavior during the 
incremental step from C1 to C2 under a load increment (Yang and Kuo 1994). In this paper, the updated 
Lagrangian (UL) formulation is adopted to derive the incremental nonlinear theory for the plate, by which 
C1 is selected as the configuration of reference. 
One advantage with the virtual work methods for deriving the stability theory of a solid element is that 
the procedure can be carried out in a systematic and rountine manner. Namely, by substituting the strain-
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displacement relations, stress-strain relations, and force-stress relations for the element into the virtual 
work equation, the governing differential equations, along with the natural and geometric boundary 
conditions, can be derived by utilizing the arbitrary nature of variations. However, for the plate element of 
concern here, the above procedure is not foolproof. There are several issues that must be adequately 
addressed before a successful result can be obtained. First, when dealing with the virtual work related to 
the six nonlinear virtual strains, there always appear some terms that are not physically meaningful, as a 
result of the adoption of different hypotheses for plane sections after deformation. The other issue is 
related to the derivation of equivalent shear forces on the boundaries of the plate at C2, which may differ 
for different hypotheses of plate sections. It is realized that only when the boundary shear forces are 
correctly specified at C2 can Kirchhoff’s forces be accurately computed for the plate element, and that the 
latter is essential to derivation of the virtual works done by surface tractions at C2 (Kuo et al. 2009). A 
frequently encountered situation is that even if a nonlinear plate theory was deliberately derived, there is 
no guarantee that the theory passes the rigid body test (Yang and Chiou 1987; Yang and Kuo 1994), a 
fundamental property to be obeyed by all initially stressed elements. 
A new, simple method, based on the fundamental principles of rigid body rule and force equilibrium, is 
presented herein for deriving the virtual instability potential of a thin plate, under the conditions of either 
given real or virtual rigid displacements. By an analogical comparison of the two sets of virtual instability 
potential derived, the total instability potential can be derived.  
2. Method of formulation 
By the UL formulation, the virtual work equation for the plate can be written with reference to C1 as 
follows (Yang and Kuo 1994):  
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where EUG  = virtual linear strain energy, GUG  = virtual instability potential of the plate, 2WG  = 
virtual work done by the surface tractions it
2  acting at C2, and 1WG  = virtual work done by the surface 
tractions it
1  acting at C1. Other symbols in Eq. (1) are defined as follows: G  = variation; klijC  = material 
coefficients, kle  = linear strain components, ijW  = Cauchy stresses; ijK  = nonlinear strain components; 
iu  = displacement increments; 
1V = volume; and 1S = surface area of the element. The virtual linear strain 
energy EUG  is a function of the displacement increments u
 and virtual displacements uG

 of the plate 
element, i.e.,  
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Since the internal forces existing at C1 are known, one can express the virtual instability potential 
GUG  and external virtual work 1WG  at C1 as follows: 
  ,  G GU u uG G     (4) 
 1 1W uG G   (5) 
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Since the external force increments at C2 are related to the displacement increments u

, one can express 
the external virtual work 2WG  at C2 as a function of the displacement increments u
 and virtual 
displacements uG

 as 
 2 2  ,  W u uG G      (6) 
In this paper, we shall use the incremental virtual work equation in Eq. (2), together with the rigid body 
rule and equilibrium conditions, to derive the virtual instability potential  ,G ru uG    of the plate for given real rigid displacements and  ,G ru uG    for given virtual rigid displacements. By comparing these two expressions for the plate under the same actions, one can derive the total virtual instability 
potential  ,G u uG    of the plate.  In the following, one will illustrate how the following three terms can be derived: the virtual instability 
potential  ,G ru uG    of the plate for given real rigid displacements, the one  ,G ru uG    for given virtual rigid displacements, and the total instability potential  ,G u uG   . Due to restriction of paper length, all the static and kinematic descriptions of the plate (Figure 1) in the pre-buckling and bucking 
stages will be omitted. The readers should be referred to Kuo and Yang (2010) for detailed presentation 
of the theory. 
Figure 1: Thin plate at C1 and related coordinates 
3. Derivation of  ,G ru uG    based on rigid body rule 
The principle of objectivity implies that using different references to describe the behavior of a solid 
under the same actions, the same result should be obtained. The rigid body rule proposed by Yang and 
Chiou (1987) for nonlinear finite elements can be regarded as an example of objectivity, which means 
that when a finite element equilibrated by a set of forces at C1 is subjected to a rigid rotation, the forces 
acting on the element at C2 should rotate following the rigid rotation, while their magnitudes remain 
unchanged.  
Here we shall derive from the rigid body rule the external virtual work ( , )r rW u uG G  done by the 
boundary tractions and the corresponding virtual instability potential ( , )G G rU u uG G 3  
 for a plate 
under given real rigid displacements. First, we can write down the virtual work 1WG  done by the 
boundary forces at C1. For a plate undergoing a rigid displacement, we can also write out the virtual work 
2WG  done by the surface tractions at C2. Subtracting 1WG  from 2WG  yields the virtual work increment
rWG  done by the boundary forces during the rigid displacement from C1 to C2.
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For an incremental step containing only rigid displacement, the linear virtual strain energy vanishes, 
i.e., 0EUG  . Consequently, we can obtain from Eq. (2) the following relation for the virtual instability 
potential GUG  and the virtual work increment rWG  done by the boundary forces as  
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The preceding equation is exactly the condition for the virtual instability potential of the plate to satisfy 
during a rigid displacement.  
The virtual instability potential ( , )G ru uG3  
 in Eq. (7) is a boundary integral for all the forces acting 
on the boundary of the plate, which can be transformed by Green’s theorem into an area integral in terms 
of the stress resultants and generalized strains existing over the plate. The virtual work terms in Eq. (7) 
are done by the in-plane actions 1 xN ,
1
yN  and boundary actions 
1
zN  (including the equivalent shears). 
For the present purposes, we shall divide the virtual work in Eq. (7) into two parts related to the in-plane
and out-of-plane actions as 
   G G GI OU U UG G G   (8) 
where after some lengthy operations, the two virtual work terms on the right side can be derived as 
follows:   
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4. Derivation of  ,G ru uG    based on force equilibrium 
Equilibrium is a property that must be obeyed by a solid element at any step of an incremental 
nonlinear analysis. With the UL formulation, the linear virtual strain energy EUG  is independent of the 
nodal forces at C1, but the virtual instability potential GUG  is a function of the initial nodal forces at C1.
Specifically, the virtual instability potential GUG  should be equal to the virtual work done by the force 
increments in connection with the displacement increments during the incremental step from C1 to C2.
The following is the procedure for deriving (  , )G G rU u uG G 3  
given the virtual rigid displacements.  
First, six force equilibrium equations can be written for the plate each at C1 and C2. For a virtual 
displacement field consisting of three virtual rigid displacements xrG' , yrG' , zrG'  and three virtual 
rotations xrGT , yrGT , zrGT , one can write down the virtual works 1WG   and 2WG   done by the boundary 
forces at C1 and C2. By taking into account the equilibrium conditions at C1, one finds that the virtual 
work 1WG   of the plate at C1 vanishes, i.e., 1 0WG   . Similarly, by taking into account the equilibrium 
conditions at C2, one can derive the virtual work 2WG  . For given virtual rigid displacements, the linear 
virtual strain energy reduces to zero, i.e., ( , ) 0E E rU u uG G 3    
. From Eq. (2), one finds that the 
virtual instability potential ( , )G G rU u uG G 3  
 can be related to the virtual work increment bWG  done 
by the boundary forces of the plate as  
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The preceding boundary integrals can be transformed by Green’s theorem into area integrals and 
divided into two parts related to the in-plane and out-of-plane actions as follows: 
   G G GI OU U UG G G     (12) 
where, after lengthy operations, the two terms on the right side can be written as  
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As can be seen, all kinds of actions of the plate have been duly taken into account in the potential 
expressions given in Eqs. (13) and (14). 
5. Total virtual instability potential  , ( , )G Gu u U u uG G G     
In the previous sections, one has derived the virtual instability potential  ,G ru uG    for given realrigid displacements ru  and another potential  ,G ru uG    for given virtual rigid displacements ruG  .These two potentials can be regarded as the special cases of the total potential  ,G u uG    of the plate with the following relations: 
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The preceding two equations imply that the total virtual instability potential  ,G u uG   !satisfiesboth the rigid body rule and force equilibrium requirements. By an analogical comparison of the integral 
terms containing the same actions in  ,G ru uG    and  ,G ru uG   , one can find the corresponding terms for the total potential  ,G u uG    that satisfies the rigid body rule and force equilibrium requirements. The final result is expressed separately in terms of the in-plane and out-of-plane actions of 
the plate as follows: 
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The last two integrals on the right side of Eq. (18) are the two terms that are new compared with the 
existing theories for plates. Because of the inclusion of these two terms, the virtual instability potential 
derived, as given in Eqs. (17) and (18), is featured by the fact that it is rigid body-qualified and conforms 
to all equilibrium conditions.
(a) (b) 
Figure 2: Cylindrical shell: (a) geometry, (b) loading 
6. Applications of the present theory
The virtual instability potential of the plate derived herein plus the conventional virtual strain energy, 
can be used to deal with the rigid body rotational behavior of the plates in the postbuckling range. By the 
UL-based finite element procedure, a linear stiffness matrix ][ ek can be derived from the virtual strain 
energy, and a geometric stiffness matrix ][ gk  from the virtual instability potential for the plate. The two 
matrices can be used in combination with a reliable path-tracing scheme, e.g., the generalized 
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displacement control method proposed by Yang and Shieh (1990), to solve the postbuckling response of 
plate structures.  
Figure 2 shows a cylindrical shell fixed at one end and subjected to horizontal shears at the free end, 
with the following material properties: elastic modulus E = 3.10275 kN/mm2, thickness t = 5 mm, and 
Poisson’s ratio Q  = 0.3. Figure 3(a) shows the convergence characteristics of analysis upon mesh 
refinement using the present theory. As indicated in Figure 3(b), using the conventional approach, i.e., 
neglecting the two last terms in Eq. (18), does not yield a convergent solution upon mesh refinement. This 
is mainly due to the fact that the conventional approach fails to cope with rigid rotations in the post 
buckling range.  
Figure 3: Cylindrical shell: (a) mesh test, (b) comparison 
7. Conclusions 
A new approach is presented for deriving the virtual instability potential of plates based on the 
fundamental principles of rigid body rule and force equilibrium using the updated Lagrangian formulation. 
Compared with the conventional procedures for formulating the plate theory, no kinematic assumption is 
required herein concerning the plane sections of the plate after deformation. Furthermore, the present 
theory is rigid-body qualified, while all kinds of actions on the instability of the plate are duly taken into 
account. In the numerical example, the present theory has been demonstrated to be superior to the 
conventional ones in that it can adequately cope with the rigid rotations of shells in the postbuckling 
range. 
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